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0. Motivation and Introduction
Although the general theory of relativity, constructed in a 4-dimensional Riemannian
space, is the best known theory for studying gravitational interactions, so far, it suffers
from some problems. Examples of these problems are: the horizon problem, the initial
singularity, the flatness of the rotation curve of spiral galaxies [24], the Pioneer 10, 11-
anamoly [22] and the interpretation of supernovae type-Ia observation [7]. Some of these
problems are old, while others have been discovered in the last ten years or so. In the
context of orthodox general relativity theory, there are no satisfactory solutions for such
problems.
The above mentioned problems may be due to a missing interaction that has no
representative in Riemannian geometry. This may imply that Riemannian geometry is
inadequate for studying such problems, since it is limited to the case of a symmetric
linear connection and a symmetric metric tensor. However, some authors have suggested
modifications of general relativity, retaining Riemannian geometry, by either:
(a) Increasing the order of the Lagrangian used to construct the field equations in general
relativity [6].
(b) Using non-conventional equations of state [4].
(c) Adding a term to the theory (i.e the cosmological term) preserving conservation [3].
(d) Adding a term to the theory violating conservation [21].
(e) Increasing the dimension of Riemannian space used (Kaluza-Klien-type theories)[23].
Other authors prefer to use more general geometric structures, other than Riemannian
geometry, e.g. Riemann-Cartan geometry [5], Absolute Parallelism (AP-) geometry (cf.
[13], [29], [36]), Finsler geometry and its generalizations (cf. [1], [12]) and generalized
AP-geometry [34]. The use of these structures has the advantage of probing the role of
geometric entities other than the curvature, e.g. non-symmetric linear connection and its
torsion, in physical applications. This may illuminate the role of such entities in physical
phenomena which have no satisfactory interpretation in orthodox general relativity.
As an example, some of the geometric advantages and physical achievements of the
conventional AP-geometry are the following:
(a) AP-geometry admits at least four built-in (natural) affine connections, two of which
are non-symmetric and three of which have non-vanishing curvature. AP-geometry
also admits tensors of third order, a number of second order skew and symmetric
tensors and a non-vanishing torsion [13].
(b) Electromagnetism can be successfully represented together with gravity [14].
(c) In four dimensions, the tetrad vector field defining the geometric structure of AP-
space is used as fundamental variables in an attempt to quantize gravity [8].
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(d) AP-geometry gives rise to a new interaction between the torsion of the background
geometry and the spin of the moving particles [28], which has been confirmed ex-
perimentally [33].
(e) It has been shown that there is a built-in quantum properties in any geometric struc-
ture with non-vanishing torsion [32].
We consider the Generalized Field Theory (GFT) [14] as a good example of using
geometries with simultaneously non-vanishing curvature and torsion for the purpose of
unifying fundamental interactions. Applications of this theory show to what extent it is
successful in unifying gravity with electromagnetism (cf. [15], [26], [30]).
Recently, many attempts have been made to formulate Einstein’s field equations and
Maxwell’s equations in the context of Finsler geometry and generalized Lagrange geom-
etry ([11], [16], [17], [18]). For example, Almost Finslerian Lagrange (AFL-) spaces [20]
were used as a model for a theory of electromagnetism in this wider framework [9], [10].
Moreover, R. Miron developed a Lagrangian theory of relativity, which is a more gen-
eralized version of the Finslerian theory of relativity. In his theory, four kinds of new
Einstein-like equations and two kinds of conservation-like laws are constructed [20].
The use of Riemannian geometry in applications explores the role played by its sym-
metric linear connection (and its consequences) in physical interactions. Similarly, the use
of more general geometric structures, with non-vanishing torsion, explores the role played
by the non-symmetric linear connection (and its consequences) in physical applications.
One of the aims of the present work is to explore the role of the nonlinear connection in
physical phenomena, if any. As a first step to achieve our goal is to construct a field theory
in spaces equipped with a nonlinear connection. For this to be done, two of the authors of
this paper have constructed a geometric structure called Extended Absolute Parallelism
(EAP-) geometry [37]. EAP-geometry combines, within its structure, the geometric rich-
ness of the tangent bundle [35] and the mathematical simplicity of AP-geometry. Conse-
quently, it may have a potentially wider geometric and physical scope than AP-geometry.
In the present work, we are going to construct a version of the GFT within the con-
text of EAP-geometry, performing a suitable generalization of the scheme followed in the
construction of the field equations of the GFT. Our theory is formulated on the tangent
bundle TM of M , on the basis of Miron’s approach to the geometry of tangent bun-
dles. However, the method of construction of the theory and its content are substantially
different from those of Miron’s.
The paper is organized in the following manner. In section 1, we focus our atten-
tion on the fundamental concepts that will be needed in the sequel. We then discuss
the properties of a unique metric d-connection on TM which we refer to as the natural
metric d-connection, relative to which the generalized field equations are to be obtained.
In section 2, a survey of the basic definitions and concepts of EAP-geometry is given,
followed, in section 3, by some relations needed for the construction of the field equations.
In section 4, the field equations are constructed. We derive the horizontal generalized field
3
equations by applying a modified version of the Euler-Lagrange equations to a suitable
(horizontal) scalar Lagrangian H. The vertical generalized field equations in the general
case are also found, again by applying the Euler-Lagrange equations to the vertical ana-
logue V of H. In section 5, splitting of the obtained field equations into its symmetric and
skew-symmetric parts is performed. The symmetric part of the resulting horizontal (resp.
vertical) field equations gives rise to a generalized form of Einstein’s field equations in
which the horizontal (resp. vertical) energy momentum tensor is purely geometric. The
skew-symmetric part of the resulting horizontal (resp. vertical) field equations gives rise
to a generalized form of Maxwell’s equations in which the electromagnetic field is purely
geometric. In section 6, the form of the field equations under the Integrability, Cartan
and Berwald conditions are deduced. These special cases throw some light on the role
played by the nonlinear connection in the obtained field equations. Finally, in section 7,
we end the paper by summarizing the obtained results in the different cases dealt with
and some concluding remarks.
1. Basic Prelimenaries
The material covered in the present section may be found in [19] and [20]. Some
related topics may be found in [2].
Let M be a paracompact manifold of dimension n of class C∞. Let π : TM → M
be its tangent bundle. If (U, xµ) is a local chart on M , then (π−1(U), (xµ, ya)) is the
corresponding local chart on TM . The coordinate transformation on TM is given by:
xµ
′
= xµ
′
(xν), ya
′
= pa
′
a y
a, (1.1)
µ = 1, . . . , n; a = 1, . . . , n;
pa
′
a =
∂ya
′
∂ya
=
∂xa
′
∂xa
(1.2)
and det(pa
′
a ) 6= 0.
The tangent space Tu(TM) at u ∈ TM is a 2n dimensional vector space, having the
natural basis ( ∂
∂xµ
, ∂
∂ya
). The change of coordinates (1.1) in a local chart of TM implies
a change of the natural basis as follows:
∂
∂xµ
′ =
∂xµ
∂xµ
′
∂
∂xµ
+
∂ya
∂xµ
′
∂
∂ya
(1.3)
∂
∂ya
′ =
∂ya
∂ya
′
∂
∂ya
(1.4)
The paracompactness of M ensures the existence of a nonlinear connection N on TM
with coefficients Naα(x, y). The transformation formula for the coefficients N
a
α is given by
Na
′
α′ = p
a′
a p
α
α′N
a
α + p
a′
a p
a
c′α′y
c′, (1.5)
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where pac′α′ =
∂pa
c′
∂xα
′ . The nonlinear connection leads to the direct sum decomposition
Tu(TM) = Hu(TM)⊕ Vu(TM), ∀u ∈ TM \ {0}, (1.6)
where {0} is the null section of TM , Vu(TM) is the vertical space at u with local basis
∂˙a :=
∂
∂ya
and Hu(TM) is the horizontal space at u, associated with N , supplementary to
Vu(TM). If ∂µ :=
∂
∂xµ
, then the canonical basis of Hu(TM) is given by
δµ := ∂µ −N
a
µ ∂˙a (1.7)
Consequently, (δµ, ∂˙a) is a basis of Tu(TM) at u ∈ TM , called the adapted basis.
Now, let (dxα, δya) be the basis of T ∗u (TM) dual to the adapted basis (δα, ∂˙a) of
Tu(TM). Then
δya := dya +Naαdx
α (1.8)
and
dxα(δβ) = δ
α
β , dx
α(∂˙a) = 0; δy
a(δβ) = 0, δy
a(∂˙b) = δ
a
b . (1.9)
Under a change of local coordinates in TM , the following holds:
δα′ = p
α
α′δα,
˙∂a′ = p
a
a′ ∂˙a; dx
α′ = pα
′
α dx
α, δya
′
= pa
′
a δy
a. (1.10)
The above transformation formulae result from the law of transformation (1.5) of the
coefficients (Naα) of the nonlinear connection, together with (1.3) and (1.4). The general
covariance of geometric objects defined on the tangent bundle TM is guaranteed by (1.10)
as will be revealed below.
Definition 1.1. A nonlinear connection Naµ is said to be homogeneous if it is positively
homogeneous of degree 1 in the directional argument y.
We denote by X(TM) the set of all vector fields on TM .
Definition 1.2. A d-connection D on TM is a linear connection on TM which preserves
by parallelism the horizontal and vertical distribution: if Y is a horizontal (vertical) vector
field, then DXY is a horizontal (vertical) vector field, for all X ∈ X(TM).
Consequently, as opposed to a linear connection on TM , which has in general eight
coefficients, a d-connection D on TM has only four coefficients. The coefficients of a
d-connection D = (Γαµν , Γ
a
bν , C
α
µc, C
a
bc) are defined by
Dδνδµ =: Γ
α
µνδα, Dδν ∂˙b =: Γ
a
bν ∂˙a; D∂˙cδµ =: C
α
µcδα, D∂˙c ∂˙b =: C
a
bc∂˙a. (1.11)
By (1.10) and (1.11), the transformation formulae of a d-connection are given by:
Γα
′
µ′ν′ = p
α′
α p
µ
µ′p
ν
ν′Γ
α
µν + p
α′
ǫ p
ǫ
µ′ν′ , Γ
a′
b′µ′ = p
a′
a p
b
b′p
µ
µ′Γ
a
bµ + p
a′
c p
c
b′µ′ ;
Cα
′
µ′c′ = p
α′
α p
µ
µ′p
c
c′C
α
µc, C
a′
b′c′ = p
a′
a p
b
b′p
c
c′C
a
bc.
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Definition 1.3. A d-tensor field A on TM of type (p, r; q, s) is a tensor field on TM
which can be locally expressed in the form
A = Au1...up+rv1...vq+s ∂u1 ⊗ . . .⊗ ∂up+r ⊗ dx
v1 ⊗ . . .⊗ dxvq+s ,
where ui ∈ {αi, ai}, vj ∈ {βj, bj},
∂ui ∈ {δαi , ∂˙ai}, dx
vj ∈ {dxβj , δybj}, i = 1, . . . , p+ r; j = 1, . . . , q + s,
so that the number of αi’s = p, the number of ai’s = r, the number of βj’s = q and the
number of bj’s = s.
Let A = Aαaβb δα ⊗ ∂˙a ⊗ dx
β ⊗ δyb be a d-tensor field of type (1, 1; 1, 1). If
A = Aα
′a′
β′b′ δα′ ⊗
˙∂a′ ⊗ dx
β′ ⊗ δyb
′
is the representation of A in the new coordinate system (xµ
′
, ya
′
), then, in view of (1.10),
we have
Aα
′a′
β′b′ = p
α′
α p
β
β′p
a′
a p
b
b′A
αa
βb . (1.12)
Since both pαα′ and p
a
a′ depend on the positional argument x only, as is clear from (1.2),
it follows that the transformation formula for the components of a d-tensor field on the
tangent bundle TM is similar in form to the transformation formula for the components
of a tensor field defined on the base manifold M . In fact, this should be expected; a
d-tensor field is defined in terms of the adapted basis and not in terms of the natural
basis. The adapted basis, unlike the natural basis, has a transformation formula similar
in form to the transformation formula of a tensor field defined on the base manifold M .
For this reason, the general covariance of the geometric objects considered in this work is
ensured.
A comment on notation: Throughout the paper, both Greek indices {α, β, µ, . . .}
and Latin indices {a, b, c, . . .} take the values 1, . . . , n. Greek indices are used to denote
horizontal entities, whereas Latin indices are used to denote vertical entities. Einstein
convention is applied on both types of indices. Also, throughout, the symbol | and ||
will denote the horizontal and vertical covariant derivatives respectively with respect to
a given d-connection.
Definition 1.4. The torsion tensor field T of a d-connection D on TM is defined by
T(X, Y ) := DXY −DYX − [X, Y ]; ∀X, Y ∈ X(TM).
Proposition 1.5. In the adapted basis (δα, ∂˙a), the torsion tensor field T of a d-
connection D = (Γαµν , Γ
a
bµ, C
α
µc, C
a
bc) is characterized by the d-tensor fields with local coef-
ficients (Λαµν , R
a
µν , C
α
µc, P
a
µc, T
a
bc) defined by:
hT(δν , δµ) =: Λ
α
µνδα, vT(δν , δµ) =: R
a
µν ∂˙a
hT(∂˙c, δµ) =: C
α
µcδα, vT(∂˙c, δµ) =: P
a
µc∂˙a, vT(∂˙c, ∂˙b) =: T
a
bc∂˙a,
Λαµν := Γ
α
µν − Γ
α
νµ, R
a
µν := δνN
a
µ − δµN
a
ν , P
a
µc := ∂˙cN
a
µ − Γ
a
cµ, T
a
bc := C
a
bc − C
a
cb,
where h (resp. v) denotes the horizontal (resp. vertical) counterpart.
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It is to be noted that Raµν is again the curvature of the nonlinear connection N .
Definition 1.6. The curvature tensor field R of a d-connection D is given by
R(X, Y )Z := DXDY Z −DYDXZ −D[X, Y ]Z; ∀X, Y, Z ∈ X(TM).
In the adapted basis (δα, ∂˙a), the curvature tensor field R is characterized by the six
d-tensor fields defined by
R(δµ, δν)δβ =: R
α
βµνδα; R(δµ, δν)∂˙b =: R
a
bµν ∂˙a,
R(∂˙c, δν)δβ =: P
α
βνcδα; R(∂˙c, δν)∂˙b =: P
a
bνc∂˙a,
R(∂˙b, ∂˙c)δβ =: S
α
βbcδα; R(∂˙c, ∂˙d)∂˙b =: S
a
bcd∂˙a.
Definition 1.7. An hv-metric on TM is a covariant d-tensor field G := hG+vG on TM ,
where hG := gαβ dx
α ⊗ dxβ, vG := gab δy
a ⊗ δyb such that:
gαβ = gβα, det(gαβ) 6= 0; gab = gba, det(gab) 6= 0.
Definition 1.8. A d-connection D on TM is said to be metric or compatible with the
metric G if DXG = 0, ∀X ∈ X(TM).
In the adapted frame (δα, ∂˙a), the above condition can be expressed in the form:
gαβ|µ = gαβ||c = gab|µ = gab||c = 0.
Theorem 1.9. For a given hv-metric on TM , there exists a unique metric d-connection
◦
D = (
◦
Γαµν ,
◦
Γabν ,
◦
Cαµc,
◦
Cabc) on TM with the properties that
(a)
◦
Λαµν =
◦
Γαµν −
◦
Γανµ = 0,
◦
T abc =
◦
Cabc −
◦
Cacb = 0.
(b)
◦
Γabν := ∂˙bN
a
ν +
1
2
gac(δνgbc − gdc ∂˙bN
d
ν − gbd ∂˙cN
d
ν ),
◦
Cαµc :=
1
2
gαǫ∂˙cgµǫ.
In this case, the coefficients
◦
Γαµν and
◦
Cabc are necessarily of the form
◦
Γαµν :=
1
2
gαǫ(δµgǫν + δνgǫµ − δǫgµν),
◦
Cabc :=
1
2
gad(∂˙bgdc + ∂˙cgdb − ∂˙dgbc).
We call the connection
◦
D the natural metric d-connection.
Definition 1.10. A nonlinear connection Naµ is said to be integrable if R
a
µν = 0. In this
case, the bracket of two horizontal vector fields is a horizontal vector field.
Proposition 1.11. Let
◦
Rβν :=
◦
Rαβνα,
◦
Sbc :=
◦
Sdbcd be the horizontal and vertical Ricci
tensors respectively of the above metric d-connection. Then we have:
◦
Rβν −
◦
Rνβ = Sβ,ν,α
◦
CαβdR
d
να,
◦
Sbc =
◦
Scb, (1.13)
where Sβ,ν,α denotes a cyclic sum on the indices β, ν, α. Consequently,
◦
Rβν is symmetric
if the nonlinear connection is integrable.
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Theorem 1.12. Let
◦
R := gαβ
◦
Rαβ and
◦
S := hab
◦
Sab be the horizontal and vertical Ricci
scalars of the natural metric d-connection respectively. Then the horizontal Einstein ten-
sor
◦
Gµσ :=
◦
Rµσ −
1
2
gµσ
◦
R (1.14)
satisfies the identity
◦
Gµσ o
|
µ = R
a
σµ
◦
P µa +
1
2
Raαµ
◦
P αµσa, (1.15)
where
◦
Gµσ := g
µǫ
◦
Gǫσ,
◦
P ǫa := −
◦
P
β
ǫβa,
◦
P µa := g
µǫ
◦
P ǫa,
◦
Pαµσa := g
µǫ
◦
Pαǫσa.
Consequently, if the nonlinear connection is integrable, then
◦
Gµσ is symmetric and
satisfies the conservation law
◦
Gµσ o
|
µ = 0. (1.16)
On the other hand, the vertical Einstein tensor
◦
Gab :=
◦
Sab −
1
2
hab
◦
S (1.17)
is symmetric and satisfies the conservation law
◦
Gab o
||
a = 0, (1.18)
where
◦
Gab := g
ac
◦
Gcb.
2. Extended Absolute Parallelism Geometry (EAP-geometry)
Searching for a viable modern formulation of conventional AP-geometry may seem not
only desirable, but actually essential. The structure of EAP-geometry may reveal some
deep connection between the geometry of the tangent bundle, which is geometrically very
rich, and the conventional AP-geometry, which is physically quite successful. The inherent
simplicity of EAP-geometry may indicate that such a connection is neither artificial nor
can be overlooked.
In this section, we give a brief review of the basic concepts of the EAP-geometry. We
shall limit ourselves to the necessary material needed for the construction of the field
equations. For a detailed exposition of EAP-geometry, we refer the reader to [37].
As in the previous section, M is assumed to be a smooth paracompact manifold of
dimension n. This insures the existence of a nonlinear connection on TM so that the
decomposition (1.6) induced by the nonlinear connection holds.
We assume that
i
λ, i = 1, . . . , n, are n vector fields globally defined on TM . In the
adapted basis (δα, ∂˙a), we have
i
λ = h
i
λ+ v
i
λ =
i
λαδα+
i
λa∂˙a. We further assume that the
n horizontal vector fields h
i
λ and the n vertical vector fields v
i
λ are linearly independent
so that
i
λα
i
λβ = δ
α
β ,
i
λα
j
λα = δij ;
i
λa
i
λb = δ
a
b ,
i
λa
j
λa = δij,
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where (
i
λα) and (
i
λa) denote the inverse matrices of (
i
λα) and (
i
λa) respectively. We refer
to the vector fields (
i
λα and
i
λa) λ’s as the (horizontal and vertical) fundamental vector
fields. These
i
λ correspond to the ordinary tetrad of the conventional AP-space. It should
be noted that the fundamental vector fields depend on both the positional argument x
and the directional argument y. Consequently, all geometric objects of the EAP-space
are a function of both x and y.
A manifold M equipped with such independent vector fields on TM is called an
Extended Absolute Parallelism space (EAP-space) and is denoted by (TM, λ).
Remark 2.1. It should be noted that the existence of mesh indices on any geometric
object does not in any way affect the general covariance of the tensor fields involved. For
example, the transformation formula for
i
λα (a tensor field of type (1, 0; 0, 0)) is given by
i
λα
′
= pα
′
α
i
λα. Moreover, if
i
C =
i
λµCµ, then, noting that Cµ transforms according to the
law Cµ′ = p
µ
µ′Cµ, the i
C’s, i = 1, . . . , n, transform as a set of scalars. Indeed, we have
i
C ′ =
i
λµ
′
Cµ′ = p
µ′
µ p
α
µ′
i
λµCα = δ
α
µ
i
λµCα =
i
λµCµ =
i
C.
On the other hand, if a summation is performed on the mesh index i, then in this case i
acts as a dummy index and hence does not again affect the covariance of the tensor fields
involved.
We will use the symbol λ without the subscript i to denote any one of the vector fields
i
λ (i = 1, . . . , n). The index i will appear only when summation is performed.
We set
gαβ :=
i
λα
i
λβ , gab :=
i
λa
i
λb.
Then, clearly,
G = gαβ dx
α ⊗ dxβ + gab δy
a ⊗ δyb
is an hv-metric on TM . Moreover, the inverse of the matrices (gαβ) and (gab) are given
by (gαβ) and (gab) respectively, where
gαβ =
i
λα
i
λβ , gab =
i
λa
i
λb.
Theorem 2.2. The d-connection D = (Γαµν , Γ
a
bν , C
α
µc, C
a
bc) defined by
Γαµν =
i
λα(δν
i
λµ), Γ
a
bν =
i
λa(δν
i
λb); C
α
µc =
i
λα(∂˙c
i
λµ), C
a
bc =
i
λa(∂˙c
i
λb)
satisfies the AP-condition
λα|µ = λ
α
||c = λ
a
|µ = λ
a
||c = 0.
Consequently, D is a metric d-connection.
This d-connection is referred to as the canonical d-connection.
Definition 2.3. The torsion tensor field T = (Λαµν , R
a
µν , C
α
µc, P
a
µc, T
a
bc) of the canonical
d-connection is referred to as the torsion of the EAP-space.
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Definition 2.4. The contortion tensor field of the EAP-space is defined by
C(X, Y ) := DYX −
◦
DYX ; ∀X, Y ∈ X(TM),
where DY is the covariant derivatives with respect to the cannonical d-connection and
◦
DY is the covariant derivatives with respect to the natural metric d-connection obtained in
Theorem 1.9 corresponding to the metric defined by (2.1).
In the adapted basis (δµ, ∂˙a), the contortion tensor C is characterized by the d-tensor
fields with local coefficients (γαµν , γ
a
bν , γ
α
µc, γ
a
bc) defined by:
γαµν := Γ
α
µν −
◦
Γαµν , γ
a
bµ := Γ
a
bµ −
◦
Γabµ; γ
α
µc := C
α
µc −
◦
Cαµc, γ
a
bc := C
a
bc −
◦
Cabc. (2.1)
Consequently,
Λαµν = γ
α
µν − γ
α
νµ, T
a
bc = γ
a
bc − γ
a
cb. (2.2)
We set
Ωαµν := γ
α
µν + γ
α
νµ, Ω
a
bc := γ
a
bc + γ
a
cb.
By definition of the canonical d-connection and (2.1), we have
Proposition 2.5. The contortion tensor can be expressed in terms of the λ’s in the form:
γαµν =
i
λα
i
λµ o
|
ν , γ
a
bµ =
i
λa
i
λb o
|
µ, γ
α
µc =
i
λα
i
λµ o
||
c, γ
a
bc =
i
λa
i
λb o
||
c.
Proposition 2.6. Let γαµν := gαǫγ
ǫ
µν , γabµ := gacγ
c
bµ, γαµc := gαǫγ
ǫ
µc, γabc := gadγ
d
bc.
Then each of the above defined d-tensor fields is skew-symmetric in the first pair of indices.
Consequently, γααν = γ
a
aµ = γ
α
αc = γ
a
ac = 0.
We set
Λαµα = γ
α
µα =: Cµ, T
a
ba = γ
a
ba =: Cb.
Definition 2.7. We refer to B := (Cµ, Ca) as the basic vector field of the EAP-space.
Proposition 2.8. The following identities hold:
Λαµν|α = (Cµ|ν − Cν|µ) + CǫΛ
ǫ
µν + Sµ,ν,αC
α
νaR
a
µα (2.3)
T dbc||d = (Cb||c − Cc||b) + CdT
d
bc. (2.4)
Now, we list in Table 1 below some second rank tensors available in the EAP-space.
These tensors will play an important role in the constructed field equations.
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Table 1: Fundamental second rank tensors of EAP-space
Horizontal Vertical
Skew-Symmetric Symmetric Skew-Symmetric Symmetric
ξµν := γµν
α
|α ξab := γab
d
||d
γµν := Cαγµν
α γab := Cdγab
d
ηµν := Cβ Λ
β
µν φµν := Cβ Ω
β
µν ηab := Cd T
d
ab φab := CdΩ
d
ab
χµν := Λ
α
µν|α ψµν := Ω
β
µν|β χab := T
d
ab||d ψab := Ω
d
ab||d
ǫµν := Cµ|ν − Cν|µ θµν := Cµ|ν + Cν|µ ǫab := Ca||b − Cb||a θab := Ca||b + Cb||a
κµν := γ
β
αµγ
α
νβ − γ
β
µαγ
α
βν ̟µν := γ
β
αµγ
α
νβ + γ
β
µαγ
α
βν κab := γ
c
daγ
d
bc − γ
c
adγ
d
cb ̟ab := γ
c
daγ
d
bc + γ
c
adγ
d
cb
σµν := γ
β
αµγ
α
βν σab := γ
c
daγ
d
cb
ωµν := γ
β
µαγ
α
νβ ωab := γ
c
adγ
d
bc
αµν := CµCν αab := CaCb
Proposition 2.9. The Ricci tensors
◦
Rβµ and
◦
Sbc of the natural metric d-connection can
be expressed in terms of the fundamental tensors of Table 1 in the form
◦
Rβµ = −
1
2
(θβµ − ψβµ + φβµ) + ωβµ +Q(βµ) +
1
2
Sβ,µ,α
◦
CαβaR
a
µα, (2.5)
◦
Sbc = −
1
2
(θbc − ψbc + φbc) + ωbc; (2.6)
where Qβµ := γ
ǫ
βaR
a
µǫ.
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3. Some Useful Relations
Henceafter, we shall make extensive use of the fundamental tensor fields defined in
Table 1 of the previous section. We shall denote ∂
∂xµ
≡ ∂µ by “, µ” and
∂
∂ya
≡ ∂˙a by “; a”
interchangeably. Moreover, we regard λβ, λβ,α, λβ;a, λb, λb,α and λb;a as independent.
1
The next three Lemmas are needed for the derivation of the field equations. The proof of
the first two Lemmas is not difficult and will be omitted.
Lemma 3.1. Let C := Cǫ |ǫ − C
ǫCǫ, θ := g
µνθµν , α := g
µναµν, φ := g
µνφµν , ψ := g
µνψµν
and Λβµν := gβǫΛ
ǫ
µν. Then the following relations hold:
(a) 1
2
(φ− ψ + θ)− α− 2C = 0,
(b) Cǫ(Λµǫν + Λνǫµ) = −φµν , g
ǫα(Λµνα|ǫ + Λνµα|ǫ) = ψµν ,
(c) Cǫ(Λµǫν − Λνǫµ) = − (2γµν + ηµν), g
ǫα(Λµνα|ǫ − Λνµα|ǫ) = 2ξµν + χµν .
Lemma 3.2. Let (TM, λ) be an EAP-space. Let D = (Γαµν , Γ
a
bµ, C
α
µc, C
a
bc) be the canonical
d-connection. Then the following hold:
(a) ∂|λ|
∂
j
λβ
= |λ|
j
λβ, |λ| := det(λβ). Consequently, |λ|,γ = |λ|(
j
λβ
j
λβ,γ), δγ |λ| = |λ|Γ
β
βγ,
|λ|;a = |λ|C
β
βa.
(b)
∂
i
λ
α
∂
j
λβ
= −
j
λα
i
λβ. Consequently, ∂g
µν
∂
j
λβ
= −(gµβ
j
λν + gνβ
j
λµ).
(c) ∂||λ||
∂
j
λb
= ||λ||
j
λb, ||λ|| := det(λb). Consequently, ||λ||;a = ||λ||C
b
ba, δγ ||λ|| = ||λ||Γ
b
γb.
(d)
∂
i
λ
a
∂
j
λb
= −
j
λa
i
λb. Consequently, ∂g
cd
∂
j
λb
= −(gcb
j
λd + gdb
j
λc).
(e)
∂Ca
dc
∂
j
λb
= −
j
λaCbdc. Consequently,
∂Ta
dc
∂
j
λb
=
j
λaT bcd,
∂Cd
∂
j
λb
=
j
λaT bad.
(f)
∂Ca
dc
∂
j
λb;e
=
j
λaδbdδ
e
c . Consequently,
∂Ta
dc
∂
j
λb,e
=
j
λa(δbdδ
e
c − δ
e
dδ
b
c),
∂Cd
∂
j
λb;e
=
j
λa(δbdδ
e
a − δ
e
dδ
b
a).
Lemma 3.3. Assume that the nonlinear connection Naµ does not depend on the horizontal
counterparts
i
λα of the fundamental vector fields. Then we have:
(a)
∂Γαµν
∂
j
λβ
= −
j
λαΓβµν. Consequently,
∂Λαµν
∂
j
λβ
=
j
λαΛβνµ,
∂Cµ
∂
j
λβ
=
j
λαΛβαµ.
(b)
∂Γαµν
∂
j
λβ,γ
=
j
λαδβµδ
γ
ν . Consequently,
∂Λαµν
∂
j
λβ,γ
=
j
λα(δβµδ
γ
ν − δ
γ
µδ
β
ν ),
∂Cµ
∂
j
λβ,γ
=
j
λα(δβµδ
γ
α − δ
γ
µδ
β
α).
1Let A = {λβ, λβ,α, λβ;a, λb, λb,α, λb;a}. By saying that u, v ∈ A are independent we mean that
∂u
∂v
= ∂v
∂u
= 0.
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(c)
∂Γαµν
∂
j
λβ;a
= −
j
λαδβµN
a
ν .
Consequently,
∂Λαµν
∂
j
λβ;a
=
j
λα(δβνN
a
µ − δ
β
µN
a
ν ),
∂Cµ
∂
j
λβ;a
=
j
λα(δβαN
a
µ − δ
β
µN
a
α).
Proof. We prove (c) only. The rest is similar. By hypothesis, Naµ is independent of λβ
and its derivatives. Consequently,
∂Γαµν
∂
j
λβ;c
=
∂
∂
j
λβ;c
(
i
λα
i
λµ,ν −
i
λαNaν
i
λµ;a) = −
∂
∂
j
λβ;c
(
i
λαNaν
i
λµ;a)
= −
i
λαNaν
(
∂
i
λµ;a
∂
j
λβ;c
)
= −
i
λαNaν (δijδ
c
aδ
β
µ) = −
j
λαδβµN
c
ν
Corollary 3.4. Let T = (Λαµν , R
a
µν , C
α
µc, P
a
µc, T
a
bc) be the torsion of the EAP-space. If
P aµc = 0, then N
a
µ;a = δµ(ln||λ||) is a scalar 1-form.
Proof. By hypothesis, we have Naµ;a = Γ
a
aµ. On the other hand, by Lemma 3.2 (c),
δµ||λ|| = ||λ||Γ
a
aµ. Consequently, δµ(ln||λ||) =
1
||λ||
δµ||λ|| = N
a
µ;a.
4. Unified Field Equations
We now generalize the GFT in the context of the EAP-geometry. We derive the field
equations using a variational technique, which involves the variation of an appropriate
chosen (horizontal and vertical) Lagrangians with respect to the (horizontal and vertical)
fundamental vector fields.
4.1 Horizontal unified field equations
Let (TM, λ) be an EAP-space. We assume that the nonlinear connection Naµ does
not depend on the horizontal fundamental vector fields so that Lemma 3.3 holds.
We now formulate a generalized version of the GFT [14] in the framework of EAP-
geometry under the above mentioned condition. The problem is to find an appropriate
scalar Lagrangian that can work effectively in the context of EAP-geometry. We make the
following choice. We take for the horizontal field equations a Lagrangian similar in form
(but not in content) to that used by Mikhail and Wanas in their construction of the GFT.
This is done for three reasons. First, the form of the chosen Lagrangian is relatively simple
(depends on the first derivatives of the horizontal counterparts of the fundamental vector
fields). Second, this form of the Lagrangian, in the conventional AP-context, has led
to powerful theoretical and experimental results. Last, in order to facilitate comparison
between the results obtained in our unified field theory and the GFT.
In view of the above, we start with the following scalar Lagrangian: Let
H = |λ|gµνHµν ,
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where
Hµν := Λ
α
ǫµΛ
ǫ
αν − CµCν . (4.1)
The Euler-Lagrange equations [19] for this Lagrangian are given by
δH
δλβ
:=
∂H
∂λβ
−
∂
∂xγ
(
∂H
∂λβ,γ
)
−
∂
∂ya
(
∂H
∂λβ;a
)
= 0. (4.2)
Setting
H = K −L;
K := |λ|gµνKµν := |λ|g
µνΛαǫµΛ
ǫ
αν ,
L := |λ|gµνLµν := |λ|g
µνCµCν ,
(4.2) can be written in the form
δH
δλβ
=
δK
δλβ
−
δL
δλβ
.
We first consider the expression
δL
δλβ
:=
∂L
∂λβ
−
∂
∂xγ
(
∂L
∂λβ,γ
)
−
∂
∂ya
(
∂L
∂λβ;a
)
.
Taking into account Lemmas 3.2 and 3.3, we have
∂L
∂λβ
= |λ|{λβgµνLµν − (g
µβλν + gνβλµ)Lµν + 2g
µν(λαΛβαµCν)}.
Consequently, by the relation
j
λα
j
λσ = δ
α
σ , we deduce that
1
|λ|
(
∂L
∂
j
λβ
)
j
λσ = δ
β
σL− 2L
β
σ + 2Λ
β
σµC
µ, (4.3)
where L := gµνLµν .
Moreover, by Lemma 3.2, we obtain
∂L
∂λβ,γ
= 2|λ|(λγCβ − λβCγ).
Hence, noting that, by Lemma 3.2 (a), |λ|,γ = |λ|(
k
λµ
k
λµ,γ), we get
∂
∂xγ
(
∂L
∂λβ,γ
)
= 2|λ|{(
k
λµ
k
λµ,γ)(λ
γCβ − λβCγ) + (λγCβ),γ − (λ
βCγ),γ},
so that
1
|λ|
{
∂
∂xγ
(
∂L
∂
j
λβ,γ
)}
j
λσ = 2{(
j
λµ
j
λµ,γ)(δ
γ
σC
β − δβσC
γ) + [(
j
λσ
j
λγ,γ)C
β
+ δγσC
β
,γ − (
j
λσ
j
λβ,γ)C
γ − δβσC
γ
,γ)]}.
(4.4)
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Since δµ = ∂µ −N
a
µ ∂˙a, Γ
α
µν =
j
λαδν
j
λµ and C
α
µa =
j
λα∂˙a
j
λµ, it follows that
j
λµ
j
λµ,γ = (
j
λµδγ
j
λµ) +N
a
γ (
j
λµ∂˙a
j
λµ) = Γ
µ
µγ +N
a
γC
µ
µa, (4.5)
j
λσ
j
λγ ,γ = −(
j
λγ
j
λσ,γ) = −(Γ
γ
σγ +N
a
γC
γ
σa), (4.6)
Cβ,γ = δγC
β +Naγ ∂˙aC
β; Cγ,γ = δγC
γ +Naγ ∂˙aC
γ, (4.7)
j
λσ
j
λβ,γ = −(Γ
β
σγ +N
a
γC
β
σa). (4.8)
Substituting (4.5), (4.6), (4.7) and (4.8) in (4.4), we find that
1
|λ|
{
∂
∂xγ
(
∂L
∂
j
λβ,γ
)}
j
λσ = 2(C
β
|σ − CσC
β − δβσ(C
γ
|γ − C
γCγ) + C
ǫΛβσǫ)
+ 2(NaσC
µ
µaC
β +NaγC
β
σaC
γ −NaγC
γ
σaC
β − δβσN
a
γC
µ
µaC
γ)
+ 2(Naσ ∂˙aC
β − δβσN
a
γ ∂˙aC
γ).
(4.9)
On the other hand, by Lemma 3.3, we have
∂L
∂λβ;a
= 2|λ|(λβNaνC
ν − λαNaαC
β).
Consequently, noting that, by Lemma 3.2 (a), |λ|;a = |λ|C
µ
µa, we obtain
1
|λ|
{
∂
∂ya
(
∂L
∂
j
λβ;a
)}
j
λσ = 2C
µ
µa(δ
β
σN
a
νC
ν −NaσC
β)
+ 2{(
j
λσ
j
λβ ;a)N
a
νC
ν + δβσN
a
ν;aC
ν + δβσN
a
νC
ν
;a}
− 2{(
j
λσ
j
λα;a)N
a
αC
β + δασN
a
α;aC
β + δασN
a
αC
β
;a}.
Since Cαµa =
j
λα
j
λµ;a (or
j
λµ
j
λα;a = −C
α
µa), it follows from the above formula that
1
|λ|
{
∂
∂ya
(
∂L
∂
j
λβ;a
)}
j
λσ = 2(N
a
αC
α
σaC
β −NaσC
µ
µaC
β −NaγC
β
σaC
γ)
+ 2(δβσN
a
γC
µ
µaC
γ + δβσN
a
νC
ν
;a −N
a
σC
β
;a)
+ 2Cν(δβσN
a
ν;a − δ
β
νN
a
σ;a).
(4.10)
By (4.3), (4.9) and (4.10), canceling equal terms, we conclude that
1
|λ|
(
δL
δ
j
λβ
)
j
λσ = δ
β
σL− 2L
β
σ + 2Λ
β
σµC
µ − 2(Cβ |σ + C
ǫΛβσǫ) + 2CσC
β
+ 2δβσ(C
γ
|γ − C
γCγ)− 2C
ν(δβσN
a
ν;a − δ
β
νN
a
σ;a).
(4.11)
We next consider the expression
δK
δλβ
:=
∂K
∂λβ
−
∂
∂xγ
(
∂K
∂λβ,γ
)
−
∂
∂ya
(
∂K
∂λβ;a
)
.
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Again, by Lemmas 3.2 and 3.3, we find that
∂K
∂λβ
= |λ|
{
λβgµνKµν − (g
µβλν + gνβλµ)Kµν + g
µν(λαΛβµǫΛ
ǫ
αν + λ
ǫΛαǫµΛ
β
να)
}
.
Consequently,
1
|λ|
(
∂K
∂
j
λβ
)
j
λσ = δ
β
σK − 2K
β
σ + 2g
µνΛβµǫΛ
ǫ
σν , (4.12)
where K := gµνKµν .
Moreover, by Lemma 3.3, we have
∂K
∂λβ,γ
= 2|λ|(λǫgγαΛβǫα − λ
ǫgαβΛγǫα).
Hence, noting that |λ|,γ = (|λ|
k
λµ)
k
λµ,γ, we get
1
|λ|
{
∂
∂xγ
(
∂K
∂
j
λβ,γ
)}
j
λσ = 2{(
k
λµ
k
λµ,γ)(δ
ǫ
σ g
γαΛβǫα − δ
ǫ
σ g
αβΛγǫα)}
+ 2{(
j
λσ
j
λǫ,γ)g
γαΛβǫα + δ
ǫ
σ g
γα
,γΛ
β
ǫα + δ
ǫ
σ g
γαΛβǫα,γ}
− 2{(
j
λσ
j
λǫ,γ)g
αβΛγǫα + δ
ǫ
σg
αβ
,γ Λ
γ
ǫα + δ
ǫ
σ g
αβΛγǫα,γ}.
(4.13)
As easily checked,
j
λµ
j
λµ,γ = Γ
µ
µγ +N
a
γC
µ
µa;
j
λσ
j
λǫ ,γ = −(Γ
ǫ
σγ +N
a
γC
ǫ
σa), (4.14)
gβα ,γ = δγg
βα +Naγ ∂˙ag
βα; gγα ,γ = δγg
γα +Naγ ∂˙ag
γα, (4.15)
Λβǫα,γ = δγΛ
β
ǫα +N
a
γ ∂˙aΛ
β
ǫα; Λ
γ
ǫα,γ = δγΛ
γ
ǫα +N
a
γ ∂˙aΛ
γ
ǫα. (4.16)
Substituting (4.14), (4.15) and (4.16) in (4.13), we obtain
1
|λ|
{
∂
∂xγ
(
∂K
∂
j
λβ,γ
)}
j
λσ = 2
{
Γµµγ(g
γαΛβσα − g
βαΛγσα)− Γ
ǫ
σγ(g
γαΛβǫα − g
βαΛγǫα)
}
+ 2
{
(gγαδγΛ
β
σα − g
βαδγΛ
γ
σα)− (δγg
βαΛγσα − δγg
γαΛβσα)
}
+ 2
{
NaγC
µ
µa(g
γαΛβσα − g
αβΛγσα)−N
a
γC
ǫ
σa(g
γαΛβǫα − g
βαΛγǫα)
}
+ 2Naγ
{
(gγα∂˙aΛ
β
σα − g
βα∂˙aΛ
γ
σα)− (Λ
γ
σα∂˙ag
βα − Λβσα∂˙ag
γα)
}
.
(4.17)
On the other hand, Lemma 3.3 gives
∂K
∂λβ;a
= 2|λ|λǫ(gβµNaαΛ
α
ǫµ − g
µνNaνΛ
β
ǫµ).
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Consequently, taking into account that |λ|;a = |λ|C
µ
µa, we get
1
|λ|
{
∂
∂ya
(
∂K
∂
j
λβ;a
)}
j
λσ = 2C
δ
δa(δ
ǫ
σg
βµNaαΛ
α
ǫµ − δ
ǫ
σg
µνNaνΛ
β
ǫµ)
j
λσ
+ 2(
j
λσ
j
λǫ;a){g
βµNaαΛ
α
ǫµ − g
µνNaνΛ
β
ǫµ}+ δ
ǫ
σg
βµ
;aN
a
αΛ
α
ǫµ
+ δǫσg
µν
;aN
a
νΛ
β
ǫµ + δ
ǫ
σg
βµNaα;aΛ
α
ǫµ + δ
ǫ
σg
µνNaν;aΛ
β
ǫµ
+ δǫσg
βµNaαΛ
α
ǫµ;a + δ
ǫ
σg
µνNaνΛ
β
ǫµ;a.
Moreover, since Cαµa =
j
λα
j
λµ;a, it follows that
1
|λ|
{
∂
∂ya
(
∂K
∂
j
λβ;a
)}
j
λσ = 2{(g
βµNaα;aΛ
α
σµ − g
µνNaν;aΛ
β
σµ)
− NaγC
µ
µa(g
γαΛβσα − g
αβΛγσα) +N
a
γC
ǫ
σa(g
γαΛβǫα − g
βαΛγǫα)
− Naγ (g
γα∂˙aΛ
β
σα − g
βα∂˙aΛ
γ
σα) +N
a
γ (Λ
γ
σα∂˙ag
βα − Λβσα∂˙ag
γα)}.
(4.18)
By (4.12), (4.17) and (4.18), after some reductions, we finally arrive at the relation
1
|λ|
(
δK
δ
j
λβ
)
j
λσ = δ
β
σK − 2K
β
σ + 2g
µνΛβµǫΛ
ǫ
σν − 2Γ
µ
µγ(g
γαΛβσα − g
βαΛγσα)
+ 2Γǫσγ(g
γαΛβǫα − g
βαΛγǫα)− 2(g
γαδγΛ
β
σα − g
βαδγΛ
γ
σα)
+ 2(δγg
βαΛγσα − δγg
γαΛβσα)− 2(g
βµNaα;aΛ
α
σµ − g
µνNaν;aΛ
β
σµ).
(4.19)
In what follows, we shall derive some formulae to simplify (4.19). Recall that the
cannonical d-connection is a metric connection.
We have gαβ |γ = 0, so that Λ
γ
σαg
αβ
|γ = 0. Consequently,
Λγσαδγg
αβ = −Λγσαg
αǫΓβǫγ − Λ
γ
σǫg
βαΓǫαγ. (4.20)
Next,
gαβΛγ σα|γ = g
αβ(δγΛ
γ
σα + Λ
ǫ
σαΓ
γ
ǫγ − Λ
γ
ǫαΓ
ǫ
σγ − Λ
γ
σǫΓ
ǫ
αγ).
Hence, noting that Γγǫγ = Λ
γ
ǫγ + Γ
γ
γǫ = Cǫ + Γ
γ
γǫ, we get
gαβ(Λγ σα|γ − CǫΛ
ǫ
σα) = g
αβ(δγΛ
γ
σα + Λ
ǫ
σαΓ
γ
γǫ − Λ
γ
ǫαΓ
ǫ
σγ − Λ
γ
σǫΓ
ǫ
αγ). (4.21)
Moreover,
gγαΛβ σα|γ = g
γαδγΛ
β
σα + g
αǫΛγσαΓ
β
γǫ − g
γαΛβσǫΓ
ǫ
αγ − g
γαΛβǫαΓ
ǫ
σγ . (4.22)
Adding the first term on the right hand side of (4.20) and the second term on the right
hand side of (4.22), we obtain
gαǫΛγσα(Γ
β
γǫ − Γ
β
ǫγ) = g
αǫΛγσαΛ
β
γǫ = g
µνΛβǫµΛ
ǫ
σν . (4.23)
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As easily checked,
δγg
γα + gγǫΓαγǫ + g
αǫΓγǫγ = 0.
Consequently,
0 = Λβσα(δγg
γα + gγǫΓαγǫ + g
αǫΓγǫγ)
= Λβσαδγg
γα + Λβσαg
γǫΓαγǫ + Λ
β
σαg
αǫΓγγǫ + Λ
β
σαC
α.
(4.24)
Finally, it is clear that the third term on the right hand side of (4.22) cancels with the
second term on the right hand side of (4.24), that is
gγǫΛβσαΓ
α
γǫ − g
γαΛβσǫΓ
ǫ
αγ = 0
In view of (4.21), (4.23), and (4.24), equation (4.19) may be written in the form
1
|λ|
(
δK
δ
j
λβ
)
j
λσ = δ
β
σK − 2K
β
σ + 2g
αβ(Λγ σα|γ − CǫΛ
ǫ
σα)− 2g
γαΛβ
σα|γ
+ 2ΛβσαC
α − 2(gβµNaα;aΛ
α
σµ − g
µνNaν;aΛ
β
σµ).
(4.25)
We finally consider the Euler-Lagrange equations (4.2). Setting
Eβσ :=
1
|λ|
(
δH
δ
j
λβ
)
j
λσ, (4.26)
then, according to (4.11), (4.25) and (4.26), we conclude that
Eβσ = δ
β
σH − 2H
β
σ + 2(C
β
|σ + C
ǫΛβσǫ)− 2CσC
β − 2δβσ(C
γ
|γ − C
γCγ)− 2g
γαΛβ
σα|γ
+ 2gαβ(Λγ σα|γ − CǫΛ
ǫ
σα)− 2(g
βµNaα;aΛ
α
σµ − g
µνNaν;aΛ
β
σµ)
+ 2Cν(δβσN
a
ν;a − δ
β
νN
a
σ;a).
(4.27)
On the other hand, by (2.3), we have
Cσ|α − Cα|σ = Λ
γ
σα|γ − CǫΛ
ǫ
σα +Sσ,α,ǫC
ǫ
αaR
a
ǫσ. (4.28)
Hence, by (4.28), we obtain
(Cβ |σ + C
ǫΛβσǫ) + g
αβ(Λγ σα|γ − CǫΛ
ǫ
σα) = g
αβCσ|α − C
ǫΛβǫσ
+ gαβ{Sσ,α,ǫC
ǫ
αaR
a
σǫ}
(4.29)
In view of (4.27) and (4.29), the Euler-Lagrange equations take the form
0 = Eβσ = δ
β
σH − 2H
β
σ − 2CσC
β − 2δβσC
ǫ
|ǫ + 2δ
β
σC
ǫCǫ − 2C
ǫΛβǫσ
+ 2gαβCσ|α − 2g
γαΛβ
σα|γ − 2N
a
α;a(Λ
α
σ
β − Λβ σ
α)
+ 2Cν(δβσN
a
ν;a − δ
β
νN
a
σ;a) + 2g
αβ{Sσ,α,ǫC
ǫ
αaR
a
σǫ}
(4.30)
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Lowering the index β in (4.30) and renaming the indices, we get
0 = Eµν := gµνH − 2Hµν − 2CµCν − 2gµν(C
ǫ
|ǫ − C
ǫCǫ)− 2C
ǫΛµǫν + 2Cν|µ
− 2gǫαΛµνα|ǫ − 2N
a
ǫ;a(Λ
ǫ
νµ − Λµν
ǫ) + 2gµνC
ǫNaǫ;a − 2CµN
a
ν;a
+ 2 Sµ,ν,ǫC
ǫ
µaR
a
νǫ.
(4.31)
This is the horizontal unified field equations in the context of the EAP-geometry.
Although the chosen Lagrangian (4.1) has a similar form to that of the GFT, the
horizontal field equations derived in the framework of EAP-geometry, as should be ex-
pected, contain extra terms which do not exist in the context of the GFT. This is because
the Euler-Lagrange equations contain an additional term due to the dependence of the
horizontal fundamental vector fields on the directional argument y (4.2). Moreover, these
extra terms are expressed explicitly in terms of the nonlinear connection of the EAP-space
(4.31).
4.2 Vertical unified field equations
We now deduce the vertical field equations. No conditions are imposed on the non-
linear connection.
As easily checked, Lemma 3.1 remains valid if all horizontal geometric objects are
replaced by their vertical corespondents.
We consider here a scalar Lagrangian formed of vertical entities. Let
V := ||λ||gabVab,
where
Vab := T
d
eaT
e
db − CaCb.
Since, by (2.1) and (2.2), the vertical torsion tensor T abc is expressed in terms of both
λa and λb;c, it follows that V does not depend on λb,µ, that is
∂V
∂λb,µ
= 0.
Consequently, the Euler-Lagrange equations in this case reduce to
∂V
∂λb
−
∂
∂ye
(
∂V
∂λb; e
)
= 0.
Following the same procedure of the proof of equation (4.31), taking into account Lemma
3.2, (with each geometric object being replaced by its vertical analogue), we get
0 = Eab := gabV − 2Vab − 2gab(C
e
||e − C
eCe)− 2CaCb − 2C
eTaeb
+ 2Cb||a − 2g
deTabe||d.
(4.32)
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This is the vertical unified field equations in the context of the EAP-geometry.
It should be noted that equation (4.32) is formally similar to the field equations of
the GFT with each geometric object in the context of the GFT replaced by its vertical
counterpart.
5. Physical Consequences
In this section, we investigate some physical consequences of the obtained field equa-
tions. To do this, we split the obtained field equations into its symmetric and skew-
symmetric parts. We show that the symmetric (skew-symmetric) part of the field equa-
tions give rise to a generalized form of Einstein’s equations (Maxwell’s equations). More-
over, all physical objects considered are purely geometric.
5.1 Splitting the horizontal field equations
We first focus our attention on the symmetric and skew symmetric parts of the
horizontal field equations (4.31).
Considering the symmetric part of (4.31), noting that C = Cǫ|ǫ − C
ǫCǫ, we have
0 = E(µν) = gµνH − 2Hµν − 2CµCν − 2gµνC − C
ǫ(Λµǫν + Λνǫµ) + (Cν|µ + Cµ|ν)
− gǫα(Λµνα|ǫ + Λνµα|ǫ) +N
a
ǫ;a(Λµν
ǫ + Λνµ
ǫ) + 2gµνC
ǫNaǫ;a
− (CµN
a
ν;a + CνN
a
µ;a).
Taking into account Lemma 3.1 (b), the above equation can be expressed in the form
0 = E(µν) = gµνH − 2Hµν − 2αµν − 2gµνC + φµν + θµν − ψµν +N
a
ǫ;a(Λµν
ǫ + Λνµ
ǫ)
+ 2gµνC
ǫNaǫ;a − (CµN
a
ν;a + CνN
a
µ;a)
.
(5.1)
As easily checked, the relation Λαµν = γ
α
µν − γ
α
νµ implies that
Hµν = σµν −̟µν + ωµν − αµν , (5.2)
H := gµνHµν = σ −̟ + ω − α. (5.3)
Substituting (5.2) and (5.3) in (5.1), setting Nβ := N
a
β;a, we find that
0 = E(µν) := gµν(σ −̟ − α + ω)− 2(σµν −̟µν + ωµν)− 2gµνC
+ (θµν + φµν − ψµν) +Nβ(Λµν
β + Λνµ
β) + 2gµνC
βNβ
− (CµNν + CνNµ).
(5.4)
On the other hand, by (2.5), we have
◦
R(µν) = −
1
2
(θµν − ψµν + φµν) + ωµν +Q(µν), (5.5)
◦
R = −
1
2
(θ − ψ + φ) + ω +Q; Q := gµνQµν . (5.6)
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Solving for ωµν and ω in (5.5) and (5.6) respectively and substituting in (5.4), we obtain
0 = E(µν) := gµν(σ −̟ − α + {
◦
R−
1
2
(ψ − φ− θ)−Q} − 2C)− 2(σµν −̟µν)
− {2
◦
R(µν) − (ψµν − φµν − θµν)−Q(µν)}+ (θµν + φµν − ψµν)
+ Nβ(Λµν
β + Λνµ
β) + 2gµνC
βNβ − (CµNν + CνNµ).
(5.7)
Let Nβ := gβǫNǫ. Taking the relation
1
2
(φ − ψ + θ) − α − 2C = 0 (Lemma 3.1 (a)) into
account, (5.7) reduces to
0 = E(µν) := (gµν
◦
R− 2
◦
R(µν)) + gµν(σ −̟ −Q)− 2(σµν −̟µν −Q(µν))
+ Nβ(Λµνβ + Λνµβ) + 2gµνC
βNβ − (CµNν + CνNµ),
(5.8)
which represents the symmetric part of the horizontal unified field equations (4.31)
expressed in terms of the fundamental tensors of Table 1.
Finally, setting
Mµν := N
βΛµνβ, Zµν := CµNν , Z := g
µνZµν , (5.9)
equation (5.8) can be written in the more informative form:
◦
R(µν) −
1
2
gµν
◦
R = T(µν); (5.10)
T(µν) :=
1
2
gµν(σ −̟ −Q+ 2Z)− (σµν −̟µν −Q(µν)) + (
1
2
NβΩ
β
µν − Z(µν)). (5.11)
According to (5.10), T(µν) may be interpreted as the horizontal geometric energy-
momentum tensor (as will be clear in section 7), constructed from the symmetric
tensors of Table 1, together with NβΩ
β
µν , Q(µν) and Z(µν). On the other hand, in view
of (5.10), (5.11) and the fact that
◦
R[µν] =
1
2
Sµ,ν,α
◦
CαµaR
a
να (by (1.13)), the horizontal
Einstein tensor (1.14) takes the form
◦
Gµν =
◦
Rµν −
1
2
gµν
◦
R
=
1
2
gµν(σ −̟) + (̟µν − σµν) +
1
2
gµν(2Z −Q) +
1
2
Nβ Ω
β
µν − Z(µν) +Q(µν)
+
1
2
Sµ,ν,α
◦
CαµaR
a
να,
(5.12)
which is, by (1.15), subject to the identity
◦
Gµσ o
|
µ = R
a
σµ
◦
P µa +
1
2
Raαµ
◦
P αµσa. (5.13)
Now, we consider the skew-symmetric part of the horizontal field equations (4.31).
By Lemma 3.1 (c) and (5.9), we obtain
0 = E[µν] = 2γµν+ηµν−ǫµν−2ξµν−χµν+2NβΛ
β
µν+2(M[µν]−Z[µν])+2Sµ,ν,ǫC
ǫ
νaR
a
ǫµ (5.14)
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Expressed in terms of the fundamental tensors of Table 1, relation (2.3) is given by
ηµν + ǫµν − χµν = Sµ,ν,ǫC
ǫ
νaR
a
ǫµ, (5.15)
which, when inserted in (5.14), yields
0 = E[µν] = 2{(γµν − ǫµν − ξµν +NβΛ
β
µν) + (M[µν] − Z[µν])}+ 3Sµ,ν,ǫC
ǫ
νaR
a
ǫµ. (5.16)
Moreover, since
ǫµν = Cµ|ν − Cν|µ = (δνCµ − δµCν)− ηµν ,
it follows, by (5.16), that
δνCµ − δµCν = (γµν − ξµν + ηµν +NβΛ
β
µν) + (M[µν] − Z[µν]) +
3
2
Sµ,ν,ǫC
ǫ
νaR
a
ǫµ. (5.17)
The above equation can be written in the more informative form
Fµν = δνCµ − δµCν , (5.18)
where
Fµν : = (γµν − ξµν + ηµν +NβΛ
β
µν) + (M[µν] − Z[µν]) +
3
2
Sµ,ν,ǫC
ǫ
νaR
a
ǫµ
= (γµν − ξµν + ηµν) +N
β(γµνβ + Λβµν) + (
1
2
NβΛβµν − Z[µν]) +
3
2
Sµ,ν,ǫC
ǫ
νaR
a
ǫµ
(5.19)
Now, recalling that [δµ, δν ] = R
a
µν ∂˙a, which indicates the non-commutativity of the oper-
ator δµ, and
Fµν o
|
σ + Fνσ o
|
µ + Fσµ o
|
ν = δσFµν + δµFνσ + δνFσµ,
one can write, using (5.18), the identity
Sµ,ν,σ Fµν o
|
σ = −Sµ,ν,σ R
a
µν ∂˙aCσ. (5.20)
According to (5.18), considering its right hand side as a generalization of the curl of the
horizontal basic vector Cµ in the context of the EAP-geometry, then the tensor Fµν can be
considered as the horizontal geometric electromagnetic field strength, the vector
Cµ as the horizontal geometric electromagnetic potential and equation (5.18) as
a generalized form of the horizontal Maxwell’s equations. Again, by (5.19), Fµν is
constructed from the horizontal skew-symmetric fundamental tensors of the EAP-space
(Table 1) together with the skew-symmetric tensors Nβγµνβ, N
βΛβµν , Sµ,ν,ǫC
ǫ
νaR
a
ǫµ and
Z[µν]. It is thus constructed from a purely geometric standpoint.
Now, let
Jµ := F µν o
|
ν .
Then, by the commutation formula
F µν o
|
αβ − F
µν
o
|
βα = F
µǫ
◦
Rνǫβα + F
ǫν
◦
R
µ
ǫβα +R
a
βαF
µν
o
||
a,
22
noting that F µν is skew-symmetric, we conclude that
2F µν o
|
µν = F
µν
o
|
µν − F
µν
o
|
νµ = −F
µǫ
◦
Rǫµ + F
ǫν
◦
Rǫν −R
a
µνF
µν
o
||
a.
Consequently,
Jµ o
|
µ =
1
2
{F ǫµ(
◦
Rµǫ −
◦
Rǫµ) +R
a
µνF
µν
o
||
a}. (5.21)
This relation will be discussed in subsection 6.1.
Finally, setting
Vµν := N
βγβµν − Zµν +Qµν ,
Uµν :=
1
2
Sµ,ν,α
◦
CαµaR
a
να,
we find, by (5.12), (5.19) and
Sµ,ν,αC
α
µaR
a
να = Sµ,ν,α
◦
CαµaR
a
να + 2Q[µν],
that
◦
Gµν :=
1
2
gµν(σ − h) + (hµν − σµν) +
1
2
gµν(2Z −Q) + V(µν) + Uµν , (5.22)
Fµν = (γµν − ξµν + ηµν) +N
β(γµνβ + Λβµν) + V[µν] + Uµν +Wµν ; (5.23)
Wµν := Sµ,ν,αC
α
µaR
a
να.
It is clear, by (5.22) and (5.23), that the skew-symmetric tensor Uµν contributes to both
gravitational and electromagnetic effects. Moreover, the tensor Vµν could be interpreted as
representing a kind of mutual interaction between gravity and electromagnetism, since its
symmetric (resp. skew-symmetric) part gives rise to gravitational (resp. electromagnetic)
effects.
5.2 Splitting the vertical field equations
Considering the symmetric part of the vertical field equations (4.32), taking into
consideration the vertical analogue of Lemma 3.1 (b), we obtain, similar to (5.1),
0 = E(ab) := gabV − 2Vab − 2gab(C
e
||e − C
eCe)− 2αab + θab + φab − ψab. (5.24)
Proceeding as we did in the derivation of the symmetric part of the horizontal field
equations, taking into account (2.6) and the vertical analogue of Lemma 3.1(a) (setting
σ¯ = trace(σab) and ¯̟ = trace(̟ab)), we finally arrive at the relation
0 = E(ab) := (gab
◦
S − 2
◦
Sab) + gab(σ¯ − ¯̟ )− 2(σab −̟ab),
which can be written in the more informative form:
◦
Sab −
1
2
gab
◦
S = Tab; (5.25)
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Tab :=
1
2
gab(σ¯ − ¯̟ )− (σab −̟ab). (5.26)
Moreover, (5.25) implies, using (1.18), that
T a b o
||
a = 0. (5.27)
Consequently, in view of (5.25) and (5.27), Tab could be interpreted as the vertical
geometric energy-momentum tensor for both matter and electromagnetism, which
is, according to (5.26), constructed from the vertical symmetric fundamental tensors of
the EAP-space (Table 1).
Considering the skew-symmetric part of (4.32), following the same steps as in the
previous section, with necessary changes, we conclude that
Fab = ∂˙bCa − ∂˙aCb, (5.28)
where
Fab := γab − ξab + ηab (5.29)
is the vertical geometric electromagnetic field tensor. Moreover, (5.28) represents
the vertical generalized Maxwell’s equations in which Fab is expressed as the gen-
eralized curl of the vertical basic vector Ca. Consequently, Ca may be interpreted as the
vertical geometric electromagnetic potential. Also, by (5.28) and the relation
Fab o
||
c + Fbc o
||
a + Fca o
||
b = ∂˙cFab + ∂˙aFbc + ∂˙bFca,
we obtain the identity
Sa,b,c Fab o
||
c = 0. (5.30)
It is clear, by (5.29), that Fab is constructed from the vertical skew-symmetric tensors
of Table 1.
Finally, if we set
Ja := F ab o
|
b
then, similar to (5.21), Ja satisfies the identity
Ja o
|
a = 0. (5.31)
Hence, Ja represents the vertical geometric current density and (5.31) represents a
generalization of the conservation law of the current density.
We note that the equations (5.29) to (5.31) are formally similar to those obtained
in the GFT [14], with each geometric object of the GFT replaced by the corresponding
vertical geometric object in the EAP-context.
To sum up, in sections 4 and 5, we have constructed a unified field theory representing
a natural generalization of the GFT in which the unique metric d-connection defined in
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Theorem 1.9 plays the role of the Riemannian connection in the GFT. The constructed
theory has given rise to two sets of field equations (5.12), (5.18) and (5.25), (5.28)
subject to the identities (5.20), (5.21), (5.30) and the conservation laws (5.27) and (5.31).
Certain geometrical objects derived from the fundamental vector fields have been iden-
tified with the material energy, electromagnetic field, electromagnetic potential
and the current density. The dependence of the geometric objects considered on the di-
rectional argument y, in addition to the positional argument x, has made our constructed
field theory wider in scope and richer in content than the GFT.
6. Important Special Cases
We now investigate some interesting special cases for the constructed field equations
by imposing extra conditions which are natural on either the nonlinear connection or the
canonical d-connection or both. These conditions illuminate our understanding of the
physical contents of the constructed theory. We consider the following cases.
6.1 Integrability condition
We investigate the form of the horizontal field equations obtained under the additional
assumption that the nonlinear connection is integrable, that is, Raµν vanishes. We refer
to this condition as the integrability condition. No extra conditions are imposed on the
canonical d-connection.
Let Raµν = 0. Then, noting in this case that Tµν = T(µν) and setting Aµν := N
βγβµν −
Zµν , equations (5.11), (5.19) and (5.18) take the form
Tµν = {
1
2
gµν(σ −̟) + (̟µν − σµν)}+ gµνZ + A(µν), (6.1)
Fµν = (γµν − ξµν + ηµν) +N
β(γµνβ + Λβµν) + A[µν], (6.2)
Fµν = δνCµ − δµCν . (6.3)
The terms between curly brackes in (6.1) are similar in form to those obtained in the
context of the GFT. The gauge invariance of (6.3) will be discussed in the concluding
remarks.
Again, by (6.1) and (6.2), Aµν could be interpreted as representing a kind of mu-
tual interaction between gravity and electromagnetism, since its symmetric (resp. skew-
symmetric) part gives rise to gravitational (resp. electromagnetic) effects.
It is clear that Tµν is symmetric. Moreover, by relation (5.13), noting that Gµν = Tµν ,
the energy-momentum tensor Tµν satisfies the conservation law
T µ ν o
|
µ = 0. (6.4)
Also, by (5.20), Fµν satisfies the identity
Sµ,ν,σ Fµν o
|
σ = 0. (6.5)
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Finally, in view of (5.21), noting that
◦
Rµν , in this case, is symmetric (by (1.13)), the
geometric current density satisfies the conservation law
Jµ o
|
µ = 0. (6.6)
On the other hand, the vertical field equations remain the same as those obtained in
section 5.
6.2 Cartan-type case
A d-connection D = (Γαµν , Γ
a
bµ, C
α
µc, C
a
bc) on TM is said to be of Cartan-type if
ya|µ = 0, y
a
||c = δ
a
c .
Let (TM, λ) be an EAP-space. Assume that the canonical d-connectionD is of Cartan-
type. Then we have [37]:
(a) The nonlinear connection Naµ is expressed in the form N
a
µ = y
b(
i
λa∂µ
i
λb).
2
(b) The nonlinear connection Naµ is integrable: R
a
µν = 0.
(c) P aµc = T
a
bc = 0. Consequently, C
a
bc is symmetric, γ
a
bc = 0 and C
a
bc =
◦
Cabc.
(d) ∂˙bN
a
µ = Γ
a
bµ and N
a
µ is homogeneous. Consequently, Γ
a
bµ is positively homogeneous of
degree 0 in y.
Assume that D is of Cartan-type. Then the horizontal Einstein tensor satisfies the
identity
◦
Gµσ o
|
µ = 0.
Moreover, all vertical second rank tensors in Table 1 vanish identically.
We now consider the case dealt with in section 4 under the additional assumption that
the canonical d-connection is of Cartan-type. By (b) above, the nonlinear connection
Nαµ is integrable. Consequently, the Cartan-type case can be regarded as a special case
of the Integrability case, obtained by setting Naµ = y
b(
i
λa∂µ
i
λb) and R
a
µν = 0 (among
other things). Accordingly, relations (6.1) to (6.6) remain valid under the Cartan-type
condition. In particular, we have
Fµν = δνCµ − δµCν . (6.7)
The gauge invariance of (6.7) will be discussed in the concluding remarks.
On the other hand, there are no vertical field equations (all vertical objects of Table
1 vanish). The advantage in this case is that the nonlinear connection, consequently, all
geometric objects considered, are expressed explicitly in terms of the fundamental vector
fields λ’s. It is for this reason that the horizontal field equations in the Cartan-type case
lend themselves to the process of linearization.
2A similar expression is found in [31], but in a completely different situation.
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6.3 Berwald-type case
A d-connection D = (Γαµν , Γ
a
bµ, C
α
µc, C
a
bc) on TM is said to be of Berwald-type if
∂˙bN
a
µ = Γ
a
bµ; C
α
µc = 0.
Assume that D is of Berwald-type. Then [37]
(a) λµ are functions of the positional argument x only. Consequently, so are gµν .
(b) Both Λαµν and γ
α
µν are functions of the positional argument x only. Consequently, so
are Cµ.
(c)
◦
Cαµc = 0. Consequently, γ
α
µc = 0 so that
◦
Rβµ =
◦
R(βµ) = −
1
2
(θβµ − ψβµ + φβµ) + ωβµ. (6.8)
(d)
◦
Pαβνc = 0. Consequently, the horizontal Einstein tensor satisfies the identity
◦
Gµσ o
|
µ = 0.
We now assume that the canonical d-connection is of Berwald-type. In this case, no
conditions are imposed on the nonlinear connection. In other words, the Berwald-type
case is not deducible from the case dealt with in section 4. We will therefore derive the
horizontal field equations from scratch. Since the horizontal fundamental vector fields
and all horizontal geometric objects involved are functions of the positional argument x
only, the Euler-Lagrange equations have the form
δH
δλβ
:=
∂H
∂λβ
−
∂
∂xγ
(
∂H
∂λβ,γ
)
= 0.
Moreover, by the fact that Cαµc = 0, the horizontal field equations in this case, as can
be checked, are given by
0 = Eµν := gµνH − 2Hµν − 2(CµCν − Cν|µ) + 2gµν(C
ǫCǫ − C
ǫ
|ǫ)
− 2(CǫΛµǫν + g
ǫαΛµνα|ǫ),
(6.9)
which are similar in form to the field equations of the GFT. Moreover, all geometrical
objects involved in (6.9) are functions of the positional argument x only.
Proceeding as we did with the symmetric part of the field equations, taking into
account (6.8) and (6.9), we deduce that
◦
Rµν −
1
2
gµν
◦
R = Tµν ;
Tµν :=
1
2
gµν(σ −̟)− (σµν −̟µν), (6.10)
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where the energy-momentum tensor Tµν is subject to the conservation law
T µ ν o
|
µ = 0. (6.11)
Again similar to the skew-symmetric part of the field equations, noting that
[δµ, δν ] = R
a
µν ∂˙a and Cσ = Cσ(x), we obtain the identity
Sµ,ν,σ Fµν o
|
σ = −Sµ,ν,σ R
a
µν ∂˙aCσ = 0, (6.12)
where the electromagenetic field is given by:
Fµν := γµν − ξµν + ηµν . (6.13)
Moreover, Fµν is expressed as the curl of the horizontal basic vector, namely,
Fµν = ∂νCµ − ∂µCν . (6.14)
The gauge invariance of (6.14) will be discussed in the concluding remarks.
Finally, if
Jµ := F µν o
|
ν , (6.15)
then, by (5.21), noting that
◦
Rµν is symmetric and F
µν
o
||
a = 0, we conclude that J
µ satisfies
the conservation law
Jµ o
|
µ = 0. (6.16)
In the Berwald-type case, equations (6.10) to (6.16) are identical in form to those
obtained in the context of the GFT. Moreover, all geometric objects involved are functions
of the positional argument x only. Consequently, the horizontal field equations obtained
under the Berwald-type condition are actually an exact replica of the GFT. Nevertheless,
the vertical field equations under the Berwald-type condition are still alive and are the
same as those obtained in the general case (4.32). This means that, in this case, we have
the GFT plus something else whose physical essence is not yet revealed.
6.4 Recovering the GFT (The Cartan-Berwald case)
We finally assume that the canonical d-connection is both of Berwald- and Cartan-
type. Then we have, in this case, [37]
(a) The hh-coefficients of the natural metric and the canonical d-connections are func-
tions of the positional argument x only and are both identical to the coefficients of
the corresponding connections in the conventional AP-space.
(b) The torsion and the contortion of the EAP-space are functions of the positional
argument x only and are given by
T = (Λαµν , 0, 0, 0, 0); C = (γ
α
µν , 0, 0, 0)
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(c) The horizontal fundamental tensors of Table 1 are functions of the positional argu-
ment x only and are identical to their corresponding tensors in the conventional
AP-space (cf. [13]).
In this case, the horizontal field equations are given by (6.9), whereas the vertical field
equations clearly disappear. Moreover, relations (6.10) to (6.16) hold. Consequently, we
have only one set of field equations which actually coincides with those of the GFT. This
is the typical case in which the GFT is naturally retrieved.
7. Discussion and Concluding Remarks
In the next 2 tables, we summarize the important results obtained so far. We shall
use the following abbreviations:
I-condition, for the Integrability condition.
C-condition, for the Cartan case.
B-condition, for the Berwald case.
CB-condition, for the Cartan-Berwald case.
MEC, for the matter-energy conservation law.
CDC, for the current density conservation law.
We also set
Eµν :=
1
2
gµν(σ −̟) + (̟µν − σµν), Fµν := γµν − ξµν + ηµν ,
Eab :=
1
2
gab(σ¯ − ¯̟ ) + (̟ab − σab), Fab := γab − ξab + ηab.
We note that Eµν and Fµν represent the Einstein and electromagnetic tensors in the
context of the GFT respectively.
The next two tables should be considered together as a single entity since they are
complementary. For example, the horizontal counterparts of the CB- and B-conditions
are identical. However, their vertical counterparts are categorically different; the vertical
counterparts of the CB-condition disappear, whereas those of the B-condition coincide
with those of the general case. Similarly, the vertical counterparts of the I-condition and
the general case coincide, while their horizontal counterparts are again different. It is
only by considering the two tables as one unit that the similarity and the difference of
the cases dealt with are revealed.
On the other hand, though the horizontal conservation laws (Table 2) are similar in
form in all cases considered (apart from the general case), the geometric objects involved
in the CB- and B-conditions are functions of the positional argument x only, while in
the C- and I- conditions they are function of both the positional argument x and the
directional argument y.
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Table 2
Horizontal section
Condition
Gravitation and Electromagnetic tensors Conservation laws
Max. Equations
Gravitation tensor Electromagnetic tensor MEC CDC
CB-Condition
◦
Gµν = Eµν Fµν = Fµν T
µ
σ
o
|
µ = 0 J
µ
o
|
µ = 0 Fµν = ∂νCµ − ∂µCν
B-Condition
◦
Gµν = Eµν Fµν = Fµν T
µ
σ
o
|
µ = 0 J
µ
o
|
µ = 0 Fµν = ∂νCµ − ∂µCν
C-Condition
◦
Gµν = Eµν + gµνZ + A(µν) Fµν = Fµν +N
β(γµνβ + Λβµν) + A[µν] T
µ
σ
o
|
µ = 0 J
µ
o
|
µ = 0 Fµν = δνCµ − δµCν
I-Condition
◦
Gµν = Eµν + gµνZ + A(µν) Fµν = Fµν +N
β(γµνβ + Λβµν) + A[µν] T
µ
σ o
|
µ = 0 J
µ
o
|
µ = 0 Fµν = δνCµ − δµCν
General case
◦
Gµν = Eµν + gµν(Z −
1
2
Q) + V(µν) Fµν = Fµν +N
β(γµνβ + Λβµν) + V[µν] — — Fµν = δνCµ − δµCν
+ Uµν + Uµν +Wµν
Table 3
Vertical section
Condition
Gravitation and Electromagnetic tensors Conservation laws
Maxwell’s Equations
Gravitation tensor Electromagnetic tensor MEC CDC
CB-Condition vanishes vanishes trivial trivial trivial
B-Condition
◦
Gab = Eab Fab = Fab T
a
b o
||
a = 0 J
a
o
||
a = 0 Fab = ∂˙bCa − ∂˙aCb
C-Condition vanishes vanishes trivial trivial trivial
I-Condition
◦
Gab = Eab Fab = Fab T
a
b o
||
a = 0 J
a
o
|
a = 0 Fab = ∂˙bCa − ∂˙aCb
General case
◦
Gab = Eab Fab = Fab T
a
b o
||
a = 0 J
a
o
|
a = 0 Fab = ∂˙bCa − ∂˙aCb
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We end the paper with the following remarks and comments:
• In the mathematical framework of general relativity, there are no geometric objects
that can be identified with matter and other fields different from the gravitational
field. General relativity provides a geometric description of spacetime and purely
gravitational phenomena. Other interactions are simply not included. Though the
dynamics of macroscopic objects can be treated successfully in the context of gen-
eral relativity theory, the impact of other interactions on gravity and the absence of
dynamical objects describing these interactions may lead to the emergence of serious
problems. In other words, although other interactions do not play an explicit role on
the dynamics of large objects, we cannot neglect their impact on gravitational phe-
nomena. Theories having a wider geometric structure than Riemannian geometry
are therefore needed to reformulate the structure of spacetime in order to include
other fields. AP-geometry, with its sixteen degrees of freedom, is capable of treat-
ing electromagnetic phenomena on an equal footing with gravitational phenomena.
In fact, the GFT, constructed in the framework of AP-geometry, not only gives a
single geometric description of both fields, but also gives matter a geometric origin.
Moreover, GFT has been able to solve some of the problems present in the context
of general relativity theory such as the horizon and the flatness problems [27]. Since
the GFT emerges as a special case of our constructed field theory, it follows that
these problems are actually solved in the framework of our new theory. Moreover,
other interactions may be potentially included in the context of our new theory due
to its wealth and its wide geometric scope. We hope that using the present theory,
constructed in the context of EAP-geometry, one would solve more of the general
relativity problems.
• In this paper, we have constructed a unified field theory in the framework of EAP-
geometry. The field equations are obtained by a variational method. The formulated
theory is a generalization of the GFT, in which the chosen Lagrangians are the hori-
zontal and vertical analogues of the Lagrangian used in the construction of the GFT.
Five different interesting cases for the horizontal field equations have been singled
out. The most general is derived under the mere assumption that the nonlinear
connection is independent of the horizontal fundamental vector fields. From this,
follows both the Integrability case and the Cartan-type case. The Berwald-type
case is deduced independently. Finally, under the Cartan-Berwald condition, the
constructed field equations are shown to coincide with the GFT. On the other hand,
the vertical field equations are derived under no additional assumptions.
• The nonlinear connection enters explicitly in the horizontal field equations (and
implicitly in the vertical field equations). This is because the chosen horizontal
Lagrangian is expressed in terms of the torsion tensor field and its contraction
which is, in turn, expressed in terms of the canonical d-connection. The latter
is defined in terms of the horizontal fundamental vector fields and the nonlinear
connection, through the operator δµ. Accordingly, the mathematical structure of
the constructed field theory relies heavily on the notion of the nonlinear connection.
In fact, the splitting of the field equations into horizontal and vertical counterparts
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is made possible only due to the existence of the nonlinear connection. The physical
role of the nonlinear connection, however, needs further investigation. This could
be partially achieved if an appropriate physical interpretation of the directional
argument y is given. One possible interpretation is the following: The vector ya is
attached as an internal variable to each point x. Consequently, the y-dependence
may be combined with the notion of anisotropy or non-locality [20].
• The horizontal field equations in the Integrability case and the Cartan-type case
coincide. On the other hand, the vertical field equations in the Integrability case
coincide with those obtained in the general case, while they disappear in the Cartan-
type case. Moreover, in the Cartan-type case, it is possible to take into consideration
the “mixed” LagrangianM := |λ|gcdMcd, where Mcd := C
α
ǫcC
ǫ
αd−CcCd; Cd := C
α
αd.
The corresponding field equations are then given by
1
|λ|
(
δM
δ
j
λβ
)
j
λσ = 0.
The idea is that Cαµc is one of the non-vanishing torsion tensors of the canonical
d-connection under the Cartan-type case, in addition to the purely horizontal coun-
terpart Λαµν , which is used in the construction of the horizontal field equations.
• Though the curvature of the nonlinear connection does not in general vanish under
the Berwald-type condition, it does not contribute, in any way, to the horizontal field
equations obtained. This is one of the reasons (besides the fact that the geometric
objects involved are functions of the positional argument x only) why the horizontal
field equations coincide with those of the GFT.
• In a forthcoming paper, a linearization of the obtained field equations is carried
out, in which more physical interpretations of the coordinates (xµ, ya) are given.
We interpret x1, x2 and x3 as space coordinates, whereas x4 is taken as the time
coordinate. On the other hand, the vector ya is attached as an internal variable
to each point xµ, as previously stated. In this sense, ya may be regarded as the
spacetime fluctuations (micro internal freedom) associated to the point xµ [19], [20].
Accordingly, the vertical field equations, we conjecture, may express some kind of
micro (or quantum) phenomena.
• The Cartan-type case is, roughly speaking, the closest natural generalization of the
GFT (at the expense of killing the vertical counterpart)3, whereas the horizontal
counterpart of the Berwald-type case is identical to the GFT (leaving untouched
the vertical counterpart). Since both electromagnetism and gravity follow from
the GFT in the first order of approximation [15], it follows that both theories are
an outcome of the horizontal field equations in the Berwald-type case in the first
order of approximation. This will be discussed in detail in the above mentioned
forthcoming paper.
3We show in our next paper that the field equations in the Cartan-type case actually coincide with
the GFT in the first order of approximation.
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• The unified field theory constructed in the present work is a covariant one, i.e., it has
an external symmetry. It is not, in general, gauge invariant. But its skew-symmetric
section has an internal symmetry, in addition to its external one. The special cases
given by equations (6.3), (6.7) and (6.14) show that the skew-symmetric section
of the horizontal field equations, in the Integrability, the Cartan and the Berwald
cases, are gauge invariant under the local gauge group U(1) (abelian gauge group).
Indeed, considering the Integrability and the Cartan cases, let C∗µ be a (generalized)
gauge transformation of Cµ, that is,
C∗µ := Cµ − δµφ,
where φ is an arbitrary smooth function of both x and y. Then
F ∗µν : = δνC
∗
µ − δµC
∗
ν
= δν(Cµ − δµφ)− δµ(Cν − δνφ)
= (δνCµ − δµCν) + [δµ, δν ]φ
= δνCµ − δµCν = Fµν ,
where in the last step we have used the integrability condition, namely, [δµ, δν ] = 0.
The gauge invariance of the Berwald case may be proved in a similar manner, taking
into account that the gauge transformation in this case has the form
C∗µ := Cµ − ∂µφ,
where φ is an arbitrary smooth function of x only, together with the fact that
[∂µ, ∂ν ] = 0. This insures the capability of the theory under the above mentioned
conditions to describe electromagnetism. Moreover, equation (5.28) implies that the
skew-symmetric section of the vertical field equations is also gauge invariant. To
see this, note that the gauge transformation in this case takes the form
C∗a := Ca − ∂˙aφ,
where φ is an arbitrary smooth function of x and y. Proceeding as we did in the
evaluation of F ∗µν , with necessary changes, the gauge invariance now follows by
noting that [∂˙a, ∂˙b] = 0.
On the other hand, in the general case, (5.18) may imply that the skew-symmetric
section of the horizontal field equations may have a more general internal local
symmetry than U(1), i.e. invariance under a non-abelian gauge group. More efforts
are needed to probe other interactions, besides gravity and electromagnetism, that
the theory may be capable of representing. This, in turn, may shed some light on
our understanding of the role of the nonlinear connection in the present theory.
• To sum up, our constructed field theory is a pure geometric attempt to unify
gravity and electromagnetism. The two fields are treated, in a comprehensive way,
as one entity. The theory is manifestly covariant. Its underlying geometry is
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the EAP-geometry. The symmetric part represents gravitation, while the anti-
symmetric part represents electromagnetism.4 Moreover, the anti-symmetric part of
the vertical field equations is gauge invariant. Finally, all physical objects involved
are expressed in terms of the fundamental tensors of the EAP-space together with
the nonlinear connection N defined on the space.
In conclusion, denoting our constructed field theory by UFT (Unified Field Theory),
assuming n = 4, we have the following
Table 4: Comparison between GFT and UFT
Field Field No. of Field Field No. of Field
Theory Variables Variables Equations Equations
GFT
i
λµ 16 Eµν = 0 16
UFT
i
λµ;
i
λa 32 Eµν = Eab = 0 32
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